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Abstract
Let K be a finite tamely ramified extension of Qp and let L/K be a totally
ramified (Z/pnZ)-extension. Let piL be a uniformizer for L, let σ be a generator
for Gal(L/K), and let f(X) be an element of ØK [X] such that σ(piL) = f(piL).
We show that the reduction of f(X) modulo the maximal ideal of ØK determines
a certain subextension of L/K up to isomorphism. We use this result to study
the field extensions generated by periodic points of a p-adic dynamical system.
1 Introduction
Let p be a prime and let Qp denote the p-adic numbers. In what follows all extensions
of Qp are contained in a fixed algebraic closure Q
alg
p of Qp. Let K be a finite extension
of Qp with ramification index e, let ØK denote the ring of integers of K, and let PK
denote the maximal ideal of ØK . Let L/K be a totally ramified cyclic extension of
degree pn. Then the residue field k = ØK/PK of K may be identified with a subring
of ØL/P
epn
L using the Teichmu¨ller lifting. Let σ be a generator for Gal(L/K) and let
πL be a uniformizer for L. Then there is a unique h
σ
πL
(X) ∈ k[X ]/(Xep
n
) such that
σ(πL) ≡ πLhσπL(πL) (mod P
epn+1
L ). The aim of this paper is to prove the following:
Theorem 1.1 Let p > 3 and let K be a finite tamely ramified extension of Qp with
ramification index e. Let L/K and L′/K be totally ramified (Z/pnZ)-extensions such
that L/K is contained in a Zp-extension L∞/K. Assume:
(*)
{
There are generators σ, σ′ for Gal(L/K), Gal(L′/K) and uniformizers
πL, πL′ for L, L
′ such that hσπL = h
σ′
πL′
.
Let m0 be the largest integer such that ψL/K((m0 + 1+
1
p−1
)e) < epn. Then there is ω ∈
Gal(Qalgp /Qp) such that ω(K) = K, ω induces the identity on k, and [L ∩ ω(L
′) : K] ≥
pm0.
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The function ψL/K : [−1,∞)→ [−1,∞) and its inverse φL/K are the Hasse-Herbrand
functions of higher ramification theory. The basic properties of these functions can be
found in Chapters IV and V of [8] for finite Galois extensions, and in the appendix of
[2] for finite separable extensions. We will make frequent use of the formulas ψM/K =
ψM/L ◦ ψL/K and φM/K = φL/K ◦ φM/L for finite separable extensions M ⊃ L ⊃ K.
If K contains no primitive pth roots of unity then it can be shown using class
field theory that L/K is contained in a Zp-extension (see Lemma 5.6). In any case,
Theorem 1.1 is valid if either L/K or L′/K is contained in a Zp-extension. If neither of
L/K, L′/K is contained in a Zp-extension, we still have the following result:
Theorem 1.2 Let p > 3 and let K be a finite tamely ramified extension of Qp with
ramification index e. Let L/K and L′/K be totally ramified Z/pnZ-extensions which
satisfy (*). Then there is ω ∈ Gal(Qalgp /Qp) such that ω(K) = K, ω induces the
identity on k, and [L ∩ ω(L′) : K] ≥ pm0−1.
Suppose p > 3 and K/Qp is unramified. Then m0 = n − 1 and K contains no
primitive pth roots of unity. Furthermore, any automorphism of Qalgp which induces the
identity on k also induces the identity on K and hence maps L onto itself. Therefore
we get a simpler version of Theorem 1.1 in this case.
Corollary 1.3 Let p > 3, let K be a finite unramified extension of Qp, and let L/K,
L′/K be totally ramified (Z/pnZ)-extensions which satisfy (*). Then [L∩L′ : K] ≥ pn−1.
Our proof of Theorem 1.1 is motivated by Wintenberger’s proof of [9, Th. 2], but
uses Deligne’s theory of extensions of truncated valuation rings in place of the field of
norms. In Section 2 we present a slightly modified version of Wintenberger’s theorem
and use it to prove a result which is related to Theorem 1.1. In Section 3 we give an
outline of the theory of truncated local rings based on [2]. In Section 4 we prove a
version of Theorem 1.1 for cyclotomic extensions. In Section 5 we use this special case
to prove the theorem in general, and show how the same methods can be used to prove
Theorem 1.2. In Section 6 we use a variant of Theorem 1.1 to study the field extensions
generated by periodic points of a p-adic dynamical system.
2 The field of norms
In [10] and [9] Wintenberger describes a remarkable correspondence between groups of
power series over fields of characteristic p and Zp-extensions of local fields. Theorem 1.1
may be viewed as a finite-level version of a part of this correspondence. In this section
we describe the connection between Wintenberger’s results and Theorem 1.1.
We begin by recalling the construction of the field of norms in a special case [11].
We define a local field to be a field complete with respect to a discrete valuation which
has finite residue field. Let L0 be a local field whose residue field k has characteristic
p and let L∞/L0 be a totally ramified Zp-extension. For n ≥ 0 let Ln/L0 denote the
subextension of L∞/L0 of degree p
n, let Øn denote the ring of integers of Ln, and let
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Pn denote the maximal ideal of Øn. Set rn = ⌈(p − 1)in/p⌉, where in is the unique
(upper and lower) ramification break of the (Z/pZ)-extension Ln+1/Ln. It follows from
[11, Prop. 2.2.1] that the norm NLn+1/Ln induces a ring homomorphism Nn+1,n from
Øn+1/(P
rn+1
n+1 ) onto Øn/(P
rn
n ). The ring AL0(L∞) is defined to be the inverse limit of
the rings Øn/(Prnn ) with respect to the maps Nn+1,n. Since Øn/(P
rn
n )
∼= k[X ]/(Xrn)
and limn→∞ rn = ∞ we have AL0(L∞) ∼= k[[X ]]. The field of norms XL0(L∞) of the
extension L∞/L0 is defined to be the field of fractions of AL0(L∞).
We define a compatible sequence of uniformizers for L∞/L0 to be a sequence (πn)n≥0
such that πn is a uniformizer for Ln and NLn+1/Ln(πn+1) = πn for every n ≥ 0. Associated
to each compatible system of uniformizers for L∞/L0 we get a uniformizer (πn)n≥0
for XL0(L∞), where πn denotes the image of πn in Øn/P
rn
n . By [11, Prop. 2.3.1] this
construction gives a bijection between the set of compatible sequences of uniformizers
for L∞/L0 and the set of uniformizers for XL0(L∞).
Let σ ∈ Gal(L∞/L0). Then for each n ≥ 0 there is a unique gn(X) ∈ k[X ] of
degree < rn such that
σπn
πn
≡ gn(πn) (mod π
rn
n ), (2.1)
where we identify k with a subring of Øn/Prnn using the Teichmu¨ller lifting. If n ≥ 1
we may apply Nn,n−1 to (2.1). Since Nn,n−1 is a ring homomorphism and Gal(Ln/L0) is
abelian we get
σπn−1
πn−1
≡ gφn(πn−1) (mod π
rn−1
n−1 ), (2.2)
where gφn(X) denotes the image of gn(X) under the automorphism of k[X ] induced by
the p-Frobenius of k. It follows that
gn−1(X) ≡ g
φ
n(X) (mod X
rn−1). (2.3)
Therefore there is gσ(X) ∈ k[[X ]] such that
σπn
πn
≡ gφ
−n
σ (πn) (mod π
rn
n ) (2.4)
for all n ≥ 0. We define a k-linear action of Gal(L∞/L0) on XL0(L∞)
∼= k((X)) by
setting σ ·X = Xgσ(X).
Let A(k) denote the set of power series in k[[X ]] whose leading term has degree
1. Then A(k) with the operation of substitution forms a group. The map which car-
ries σ ∈ Autk(k((X))) onto σ(X) ∈ A(k) gives an isomorphism between Autk(k((X)))
and A(k)op. The subgroup N (k) of A(k) consisting of power series with leading term
X is a pro-p group known as the Nottingham group [1]. Let Γ
(πn)
L∞/L0
denote the sub-
group of A(k) consisting of power series of the form Xgσ(X) that arise from elements
σ ∈ Gal(L∞/L0) using the compatible sequence of uniformizers (πn) for L∞/L0. Then
Γ
(πn)
L∞/L0
is isomorphic to Zp. The subgroup Γ
(πn)
L∞/L0
of A(k) is determined up to conju-
gation by L∞/L0, and any subgroup of A(k) which is conjugate to Γ
(πn)
L∞/L0
is equal to
Γ
(π˜n)
L∞/L0
for some compatible sequence of uniformizers (π˜n) for L∞/L0.
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Let K, K ′ be local fields with residue field k and let L/K, L′/K ′ be totally ramified
extensions. We say that L/K is k-isomorphic to L′/K ′ if there is an isomorphism
τ : L→ L′ such that τ(K) = K ′ and τ induces the identity on k. In this case we write
L/K ∼=k L
′/K ′. Let Z(k) denote the set of k-isomorphism classes of totally ramified
Zp-extensions L∞/L0 such that L0 is a local field with residue field k. We put a metric
on Z(k) by defining the distance between the classes [L∞/L0] and [L′∞/L
′
0] to be 2
−m,
where 0 ≤ m ≤ ∞ is the largest value such that Lm/L0 ∼=k L′m/L
′
0, and m = −1 if L0
is not k-isomorphic to L′0. Let G(k) denote the set of conjugacy classes [Γ] of subgroups
of A(k) which are isomorphic to Zp. We put a metric on G(k) by defining the distance
between [Γ] and [Γ′] to be 2−m, where m is the largest integer such that hΓh−1 ≡ Γ′
(mod Xm+1) for some h ∈ A(k).
Since Γ
(πn)
L∞/L0
is determined up to conjugacy by the k-isomorphism class of L∞/L0,
we denote its conjugacy class by [ΓL∞/L0 ]. The following result is essentially a special
case of [3, Cor. 1.3].
Proposition 2.1 The map Φ : Z(k) → G(k) defined by Φ([L∞/L0]) = [ΓL∞/L0 ] is a
continuous bijection.
Proof: Since limn→∞ rn = ∞, the map Φ is continuous. To show that Φ is onto choose
[Γ] ∈ G(k). By [9, Th. 1] there is a totally ramified Zp-extension L∞/L0 of local fields
with residue field k and a field isomorphism f : k((X)) → XL0(L∞) which induces an
isomorphism between Γ and the subgroup of Aut(XL0(L∞)) induced by Gal(L∞/L0).
We write
f : (k((X)),Γ)
∼
−→ (XL0(L∞),Gal(L∞/L0)). (2.5)
Let ω be the automorphism of k induced by f and let Ω be an automorphism of the
separable closure of L∞ which induces ω on k. Let L
′
0 = Ω
−1(L0) and L
′
∞ = Ω
−1(L∞).
Then Ω−1 induces an isomorphism Υ : XL0(L∞)→ XL′0(L
′
∞), and
Υ ◦ f : (k((X)),Γ) −→ (XL′
0
(L′∞),Gal(L
′
∞/L
′
0)) (2.6)
is a k-linear isomorphism. It follows that Φ([L′∞/L
′
0]) = [Γ].
To show that Φ is one-to-one suppose [ΓL∞/L0 ] = [ΓL′∞/L′0 ]. Then there are compat-
ible sequences of uniformizers (πn) for L∞/L0 and (π
′
n) for L
′
∞/L
′
0 such that Γ
(πn)
L∞/L0
=
Γ
(π′n)
L′
∞
/L′
0
. Therefore there is an isomorphism
f : (XL0(L∞),Gal(L∞/L0)) −→ (XL′0(L
′
∞),Gal(L
′
∞/L
′
0)) (2.7)
which maps (πn) to (π
′
n) and induces the identity on k. It follows from [9, Th. 2] that
f is induced by a k-isomorphism from L∞/L0 to L
′
∞/L
′
0, and hence that [L∞/L0] =
[L′∞/L
′
0]. 
We define the depth of g(X) ∈ A(k) to be the degree of the leading term of
(g(X)−X)/X ; the depth of g(X) = X is taken to be ∞. Let Γ be a subgroup of
A(k) which is isomorphic to Zp, and let γ be a generator for Γ. For n ≥ 0 we define the
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nth lower ramification break in of Γ to be the depth of γ
pn; this definition is independent
of the choice of γ. The upper ramification breaks of Γ are defined by the formulas b0 = i0
and bn − bn−1 = (in − in−1)/pn for n ≥ 1. The bn are integers by Sen’s theorem [7]. It
follows from [9, Cor. 3.3.4] that if Γ = Φ([L∞/L0]) then (in)n≥0 and (bn)n≥0 are the lower
and upper ramification sequences of the Zp-extension L∞/L0. Note that since L∞/L0 is
an arithmetically profinite extension [11, §1], the Hasse-Herbrand functions φL∞/L0 and
ψL∞/L0 are defined, and the lower and upper ramification breaks of L∞/L0 are related
by the formulas bn = φL∞/L0(in) and in = ψL∞/L0(bn) for n ≥ 0. For future use we
recall the following facts about the upper ramification breaks of a cyclic extension (see
for instance [6, p. 280]).
Lemma 2.2 Let K be a local field with residue characteristic p and let L/K be a to-
tally ramified (Z/pnZ)-extension. Let 1 ≤ e ≤ ∞ be the K-valuation of p and let
b0 < b1 < · · · < bn−1 be the upper ramification breaks of L/K. Then for 0 ≤ i ≤ n − 2
we have:
(a) 1 ≤ b0 ≤ pe/(p− 1);
(b) If bi ≤ e/(p− 1) then pbi ≤ bi+1 ≤ pe/(p− 1);
(c) If bi ≥ e/(p− 1) then bi+1 = bi + e.
Let Z0(k) denote the subspace of Z(k) consisting of k-isomorphism classes of Zp-
extensions in characteristic 0 and let G0(k) = Φ(Z0(k)).
Corollary 2.3 Φ|Z0(k) : Z0(k)→ G0(k) is a homeomorphism.
Proof: For 1 ≤ e < ∞ let Ze0(k) denote the subspace of Z0(k) consisting of k-
isomorphism classes of Zp-extensions [L∞/L0] such that the absolute ramification index
of L0 is e, and let Ge0(k) = Φ(Z
e
0(k)). Then Z
e
0(k) is open in Z(k). It follows from
Krasner’s Lemma that there are only finitely many isomorphism classes of local fields
L0 with residue field k and absolute ramification index e. For each such L0 consider
the set HL0 of continuous homomorphisms χ : L
×
0 → Zp such that χ(Ø
×
L0
) = Zp. This
set is compact, and class field theory gives a continuous map from HL0 onto the set of
all elements of Ze0(k) of the form [L∞/L0]. Therefore Z
e
0(k) is compact. Since Φ is a
continuous bijection, it follows that
Φ|Ze
0
(k) : Z
e
0(k) −→ G
e
0(k) (2.8)
is a homeomorphism.
Let [Γ] ∈ Ge0(k) and let [L∞/L0] ∈ Z
e
0(k) be such that Φ([L∞/L0]) = [Γ]. Let (bn)n≥0
be the upper ramification sequence of L∞/L0 and Γ. It follows from Lemma 2.2 that
there is M ≥ 1 such that bn − bn−1 = e for all n ≥ M . If [Γ′] ∈ G0(k) is sufficiently
close to [Γ] then the first M + 2 upper ramification breaks b′0, b
′
1, . . . , b
′
M+1 of Γ
′ are the
same as those of Γ. In particular, we have b′M − b
′
M−1 = b
′
M+1− b
′
M = e. Let [L
′
∞/L
′
0] be
the unique element of Z0(k) such that Φ([L′∞/L
′
0]) = [Γ
′]. Then the upper ramification
breaks of L′∞/L
′
0 are the same as those of Γ
′, so by Lemma 2.2 the absolute ramification
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index of L′0 is e. It follows that [Γ
′] ∈ Ge0(k), and hence that G
e
0(k) is open in G0(k). Since
(2.8) is a homeomorphism for 1 ≤ e <∞, we conclude that Φ induces a homeomorphism
between Z0(k) and G0(k). 
Let Zp(k) denote the subspace of Z(k) consisting of k-isomorphism classes of Zp-
extensions in characteristic p and let Gp(k) = Φ(Zp(k)). Using [9, 3.3] and Krasner’s
Lemma one can show that Φ induces a homeomorphism between Zp(k) and Gp(k). But
Φ itself is not a homeomorphism. Indeed, if [L∞/L0] ∈ Zp(k) then by the methods of
the next section one can construct [L′∞/L
′
0] ∈ Z0(k) such that Φ([L
′
∞/L
′
0]) is arbitrarily
close to Φ([L∞/L0]). Since the distance between [L∞/L0] and [L
′
∞/L
′
0] is always 2, this
implies that Φ is not a homeomorphism.
Since Ge0(k) is compact, it follows from Corollary 2.3 that the map
Φ−1|Ge
0
(k) : G
e
0(k) −→ Z
e
0(k) (2.9)
is uniformly continuous. From this fact we deduce the following non-effective version of
Theorem 1.1:
Corollary 2.4 Let e ≥ 1 and let k be a finite field of characteristic p. Then there is
a nondecreasing function s : N → N ∪ {0} such that limn→∞ s(n) = ∞ which has the
following property: Let L0, L
′
0 be finite extensions of Qp with residue field k and absolute
ramification index e, and let L∞/L0 and L
′
∞/L
′
0 be totally ramified Zp-extensions such
that
Γ
(πn)
L∞/L0
≡ Γ(π
′
n)
L′
∞
/L′
0
(mod Xm+1) (2.10)
for some m ≥ 1 and some compatible sequences of uniformizers (πn) for L∞/L0 and
(π′n) for L
′
∞/L
′
0. Then Ls(m)/L0
∼=k L′s(m)/L
′
0.
3 Truncated valuation rings
In this section we give an overview of Deligne’s theory of extensions of truncated valu-
ation rings. For more details see [2].
Define a category T whose objects are triples (A,M, ǫ) such that:
1. A is an Artin local ring whose maximal ideal mA is principal and whose residue
field is finite.
2. M is a free A-module of rank 1.
3. ǫ :M → A is an A-module homomorphism whose image is mA.
Let S1 = (A1,M1, ǫ1) and S2 = (A2,M2, ǫ2) be elements of T . A morphism from S1
to S2 is a triple f = (r, µ, η), where r is a positive integer, µ : A1 → A2 is a ring
homomorphism, and η : M1 → M
⊗r
2 is an A1-module homomorphism. These must
satisfy µ ◦ ǫ1 = ǫ
⊗r
2 ◦ η, and the map M1 ⊗A1 A2 → M
⊗r
2 induced by η must be an
isomorphism of A2-modules. Let S3 = (A3,M3, ǫ3) be another element of T , and let
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g = (s, ν, θ) : S2 → S3 be a morphism. Then the composition of g with f is defined to
be g ◦ f = (sr, ν ◦ µ, θ⊗r ◦ η). Thus the identity morphism on S1 is (1, idA1, idM1), and f
is an isomorphism if and only if r = 1, µ is an isomorphism, and η is an isomorphism.
Let f = (r, µ, η) and f ′ = (r′, µ′, η′) be morphisms from S1 to S2, and let c be a positive
integer. We say f and f ′ are R(c)-equivalent, or f ≡ f ′ (mod R(c)), if r = r′, µ and µ′
induce the same map on residue fields, and η(x)− η′(x) ∈ mrcA2M
⊗r
2 for all x ∈ M1.
Let f = (r, µ, η) : S1 → S2 be a T -morphism. We say that (S2, f) is an extension of
S1 if length(A2) = r · length(A1). We will often denote the extension (S2, f) by S2/S1.
Let (S2, f) and (S3, g) be extensions of S1. A morphism from (S2, f) to (S3, g) is defined
to be a T -morphism h : S2 → S3 such that h ◦ f = g. If (S ′2, f
′) is an extension of S ′1,
we say that S ′2/S
′
1 is isomorphic to S2/S1 if there are isomorphisms i : S
′
1 → S1 and
j : S ′2 → S2 such that j ◦ f
′ = f ◦ i.
Let K be a local field and let e be a positive integer. Define the e-truncation
Tre(K) of K to be the triple (A,M, ǫ) consisting of the ring A = ØK/PeK , the A-module
M = PK/P
e+1
K , and the A-module homomorphism ǫ : M → A induced by the inclusion
PK →֒ ØK . It is clear that Tre(K) is an element of T . Conversely, every element of T
is isomorphic to Tre(K) for some finite extension K of Qp and some e ≥ 1 (cf. [2, 1.2]).
Let K and L be local fields, let σ : K → L be an embedding, and let r be the
ramification index of L over σ(K). Define a morphism
fσ = (r, µσ, ησ) : Tre(K) −→ Trre(L) (3.1)
where
µσ : ØK/P
e
K −→ ØL/P
re
L (3.2)
ησ : PK/P
e+1
K −→ P
r
L/P
re+r
L
∼= (PL/P
re+1
L )
⊗r (3.3)
are induced by σ. Then (Trre(L), fσ) is an extension of Tre(K). If L is a finite extension
of K with ramification index r we write fL/K = (r, µL/K , ηL/K) for the morphism from
Tre(K) to Trre(L) induced by the inclusion K →֒ L. The following proposition shows
that all extensions of Tre(K) are produced by this construction.
Proposition 3.1 ([2, Lemme 1.4.4]) Let K be a local field, let e ≥ 1, and let (T, f) be
an extension of Tre(K), with f = (r, µ, η). Then there is a finite extension L/K such
that (T, f) ∼= (Trre(L), fL/K).
Let d ≥ 0 be real, let L/K be a finite extension of local fields, and let N/K be
the normal closure of L/K in Lsep. We denote the largest upper ramification break of
L/K by uL/K . We say that L/K satisfies condition C
d if d > uL/K , or equivalently, if
the ramification subgroup Gal(N/K)d is trivial. Let ext(K)d denote the category whose
objects are finite extensions of K which satisfy condition Cd, and whose morphisms are
K-inclusions.
Let S ∈ T and let (T, f) be an extension of S. Then there are positive integers
r, e and a finite extension of local fields L/K such that T/S ∼= Trre(L)/Tre(K). Given
0 ≤ d ≤ e we say that T/S satisfies condition Cd if L/K satisfies condition Cd. This
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definition is independent of the choice of L/K. One can associate ramification data
to the extension T/S. In particular, the Hasse-Herbrand functions φT/S and ψT/S are
defined. It follows from [2, 1.5.3] that if T/S satisfies condition Ce then φT/S = φL/K
and ψT/S = ψL/K .
Let S ∈ T . We define a category ext(S)d whose objects are extensions of S which
satisfy condition Cd. An ext(S)d-morphism from (T1, f1) to (T2, f2) is defined to be an
R(ψT1/S(d))-equivalence class of morphisms from (T1, f1) to (T2, f2). The main result of
[2] is the following.
Theorem 3.2 ([2, The´ore`me 2.8]) Let K be a local field and let e be a positive integer.
Then the functor from ext(K)e to ext(Tre(K))
e which maps L/K to Trre(L)/Tre(K) is
an equivalence of categories.
The proof of Theorem 1.1 depends on the following application of Theorem 3.2:
Corollary 3.3 Let e be a positive integer and let L/K and L′/K be finite extensions
of local fields which have ramification index r and satisfy condition Ce. Let τ ∈ Aut(K)
and let j : Trre(L
′)→ Trre(L) be an isomorphism such that j ◦ fL′/K = fL/K ◦ fτ . Then
there is a unique isomorphism γ : L′ → L such that j ≡ fγ (mod R(ψL/K(e))) and
γ|K = τ .
Proof: Let i : K →֒ L and i′ : K →֒ L′ be the inclusion maps. Then (Trre(L′), fL′/K)
and (Trre(L), fL/K ◦ fτ ) are elements of ext(Tre(K))
e which are induced by i′ and i ◦ τ .
Since j gives an isomorphism between these extensions, by Theorem 3.2 there is a unique
isomorphism γ : L′ → L such that j ≡ fγ (mod R(ψL/K(e))) and γ ◦ i′ = i ◦ τ . 
4 Recognizing cyclotomic extensions
Before proving Theorem 1.1 we prove the following result, which may be viewed as a
special case of the theorem. An analogous result in the setting of the field of norms is
proved in [9, Prop. 3].
Proposition 4.1 Let p > 2 and let F/Qp be a finite tamely ramified extension with
ramification index e. Set s = (p−1)/ gcd(e, p−1) and e0 = e/ gcd(e, p−1). Let m ≥ 1,
let E/F be a totally ramified cyclic extension of degree spm, and let d be an integer such
that p ∤ d and the image of d in (Z/pm+1Z)× has order spm. Assume there is α ∈ E such
that vE(α − 1) = e0 and a generator τ for Gal(E/F ) such that τ(α) ≡ αd (mod PnE)
for some n > e0p
m. Then there is a primitive pm+1th root of unity ξ ∈ Qalgp such that
vE(α− ξ) ≥ (gs+ e0)pm, where
g =
⌈
n− e0(pm+1 + pm − 1)
spm
⌉
. (4.1)
In particular, if n > e0(p
m+1 + pm − 1) then E = F (ξ).
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For t ∈ Z let f(t) denote the maximum value of vE(τ(β)β
−1 − d) as β ranges over
the compact set Ct = {β ∈ E : vE(β) = t}. Since NE/F (d) 6= 1 we have τ(β)β−1 6= d for
all β ∈ Ct, so f(t) ∈ Z. The proof of Proposition 4.1 depends on the following lemma:
Lemma 4.2 Let t ∈ Z and set t0 = t− e0p
m. Then
f(t) =


0 if s ∤ t0,
e0(p
vp(t0)+1 − 1) if s | t0 and vp(t0) < m,
e0(p
m+1 − 1) if s | t0 and vp(t0) ≥ m.
(4.2)
The proof of Lemma 4.2 uses the following result, which follows easily from Propo-
sition 8 in [8, V].
Proposition 4.3 Let E be a local field and let M/E be a finite totally ramified Galois
extension. Let d be a positive integer and let x, y be elements of Ø×M such that x ≡ y
(mod P
ψM/E(d)+1
M ). Then NM/E(x) ≡ NM/E(y) (mod P
d+1
E ).
Proof of Lemma 4.2: Since E/F is totally ramified and p ∤ e0 we can write α = 1+ cπ
e0
E ,
where c ∈ Ø×F and πE is a uniformizer for E. Since vp(d
s− 1) = 1 and vE(αp− 1) = pe0,
we have vE(τ
s(α) − α) = pe0. It follows that vE(τ s(π
e0
E ) − π
e0
E ) = pe0, and hence that
vE(τ
s(πe0E )π
−e0
E − 1) = (p− 1)e0. Since τ
s has order pm we have vE(τ
s(πE)π
−1
E − 1) ≥ 1,
and hence vE(τ
s(πE)π
−1
E − 1) = (p − 1)e0. Let T/F denote the maximum tamely
ramified subextension of E/F . Then T is the subfield of E fixed by 〈τ s〉, so the smallest
(upper and lower) ramification break of E/T is (p − 1)e0. Since (p − 1)e0 = vT (p),
by Lemma 2.2(c) we deduce that for 0 ≤ i < m the ith upper ramification break of
E/T is (p − 1)e0(i + 1). It follows that the ith lower ramification break of E/T is
ψE/T ((p− 1)e0(i+ 1)) = e0(pi+1 − 1).
Let γ = α− 1 = cπe0E . Then
τ(γ)
γ
≡
(1 + γ)d − 1
γ
≡ d (mod Pe0E ). (4.3)
Since the smallest upper ramification break of E/T is (p−1)e0, we have ψE/T (e0−1) =
e0 − 1. Applying Proposition 4.3 to (4.3) we get
NE/T
(
τ(γ)
γ
)
≡ NE/T (d) (mod P
e0
T ). (4.4)
Let δ = NE/T (γ). Since Gal(E/F ) is commutative, (4.4) reduces to
τ(δ)
δ
≡ dp
m
≡ d (mod Pe0T ). (4.5)
Since both sides of (4.2) depend only on the congruence class of t modulo spm, we
may assume e0p
m ≤ t < (e0 + s)pm. Let β be an element of E such that vE(β) = t, and
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set κ = βδ−1. Then by (4.5) we have
τ(β)
β
− d =
τ(κ)
κ
·
τ(δ)
δ
− d (4.6)
≡
(
τ(κ)
κ
− 1
)
d (mod Pe0p
m
E ). (4.7)
For 0 < t0 < sp
m let g(t0) denote the maximum value of vE(τ(κ)κ
−1−1) as κ ranges over
Ct0 . It follows from Sen’s argument in [7, p. 35] that g(t0) is equal to the ramification
number vE(τ
t0(πE)π
−1
E − 1) of τ
t0 . Thus if s ∤ t0 then g(t0) = 0, while if s | t0 and
vp(t0) = i then g(t0) = e0(p
i+1−1) is the ith lower ramification break of E/T . It follows
that g(t0) < e0p
m for 0 < t0 < sp
m. Hence by (4.7) we get g(t0) = f(t0 + e0p
m). This
proves the lemma for all t such that e0p
m < t < (e0 + s)p
m.
It remains to prove the lemma for t = e0p
m. For e0p
m ≤ t < (e0 + s)pm let βt be an
element of E such that vE(βt) = t and vE((τ − d)βt) is maximized. Let Λ denote the
ØF -lattice spanned by the βt. Then Λ = π
e0pm
E ØE is an ideal in ØE, and hence (τ − d)Λ
is contained in Λ. It follows from the maximality of vE((τ − d)βt) that the integers
vE((τ − d)βt) for e0pm ≤ t < (e0 + s)pm represent distinct congruence classes modulo
spm. Therefore Λ/(τ − d)Λ is an ØF -module of length
(e0+s)pm−1∑
t=e0pm
vE((τ − d)βt) −
(e0+s)pm−1∑
t=e0pm
vE(βt) =
(e0+s)pm−1∑
t=e0pm
f(t). (4.8)
It follows that
(e0+s)pm−1∑
t=e0pm
f(t) = vE(det(τ − d)). (4.9)
Since the characteristic polynomial of the F -linear map τ : E → E is h(X) = Xsp
m
− 1,
the determinant of τ − d is ±h(d) = ±(dsp
m
− 1). Therefore we have
(e0+s)pm−1∑
t=e0pm
f(t) = vE(d
spm − 1) (4.10)
= (m+ 1)e0(p
m+1 − pm). (4.11)
Solving for f(e0p
m) in terms of the known values of f(t) gives f(e0p
m) = e0(p
m+1 − 1),
which completes the proof of the lemma. 
Proof of Proposition 4.1: It follows from the hypotheses that vE(α
pm+1 − 1) ≥ e0pm+1,
and that
vE(τ(α
pm+1)− αdp
m+1
) ≥ n+ (m+ 1)e0(p
m+1 − pm). (4.12)
Let λ = log(αp
m+1
). Then we have
vE(τ(λ)− dλ) = vE(τ(α
pm+1)− αdp
m+1
), (4.13)
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and hence
vE(λ) + vE
(
τ(λ)
λ
− d
)
≥ n + (m+ 1)e0(p
m+1 − pm). (4.14)
Set t = vE(λ) = vE(α
pm+1 − 1). Then by (4.14) we get
t + f(t) ≥ n + (m+ 1)e0(p
m+1 − pm), (4.15)
where f(t) is the function defined in Lemma 4.2.
If f(t) > 0 then by Lemma 4.2 we have t = e0p
m + cspi and f(t) = e0(p
i+1 − 1) for
some 0 ≤ i ≤ m and c ∈ Z. It follows from (4.15) that
e0p
m + cspi + e0(p
i+1 − 1) ≥ n+ (m+ 1)e0(p
m+1 − pm), (4.16)
which implies
cspi ≥ e0(p
m+1 − pi+1) + (m+ 1)e0(p
m+1 − pm) + n− e0(p
m+1 + pm − 1). (4.17)
Dividing by spi and using the fact that s divides p− 1 we get
c ≥ e0
pm+1 − pi+1
spi
+ (m+ 1)e0
pm+1 − pm
spi
+
⌈
n− e0(pm+1 + pm − 1)
spi
⌉
. (4.18)
It follows that
t ≥ e0p
m+e0(p
m+1−pi+1)+(m+1)e0(p
m+1−pm)+spi
⌈
n− e0(p
m+1 + pm − 1)
spi
⌉
. (4.19)
The minimum value of right hand side of (4.19) for 0 ≤ i ≤ m is achieved when i = m.
Therefore the inequality
t ≥ e0p
m + (m+ 1)e0(p
m+1 − pm) + spm
⌈
n− e0(p
m+1 + pm − 1)
spm
⌉
(4.20)
holds for all t such that f(t) > 0. If f(t) = 0 then by (4.15) we have
t ≥ n + (m+ 1)e0(p
m+1 − pm), (4.21)
which implies that (4.20) holds in this case as well. Thus (4.20) is valid in general.
Let ζ ∈ Qalgp be a primitive p
m+1th root of unity, and choose 0 ≤ j < pm+1 to
maximize w = vE(α− ζj). For 0 ≤ i < pm+1 we have
vE(α− ζ
i) ≥ min{w, vE(ζ
j − ζ i)}, (4.22)
with equality if w > vE(ζ
j − ζ i). Since w ≥ vE(α − ζ
i), this implies that for i 6= j we
have vE(α− ζ i) ≤ vE(ζj − ζ i) = e0pvp(i−j). Since
αp
m+1
− 1 = (α− 1)(α− ζ)(α− ζ2) . . . (α− ζp
m+1−1), (4.23)
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by defining pvp(0) = 0 we get
t = vE(α
pm+1 − 1) ≤ w +
pm+1−1∑
i=0
e0p
vp(i−j) (4.24)
= w + (m+ 1)e0(p
m+1 − pm). (4.25)
By comparing (4.20) with (4.25) we conclude that w ≥ gspm+e0p
m, where g is the integer
defined in (4.1). Set ξ = ζj; then vE(α− ξ) = w ≥ gspm + e0pm. Since vE(α− ξ) > e0,
we have vE(ξ − 1) = vE(α − 1) = e0, so ξ is a primitive pm+1th root of unity. If
n > e0(p
m+1+ pm− 1) then g ≥ 1, and hence vE(α− ξ) > e0pm. Therefore by Krasner’s
Lemma we have F (α) ⊃ F (ξ). Since E ⊃ F (α) and [F (ξ) : F ] ≥ spm = [E : F ], this
implies E = F (ξ). 
5 Proof of Theorem 1.1
In this section we prove Theorem 1.1 in a somewhat generalized form. Let 1 ≤ a ≤ epn
and 1 ≤ m ≤ n. We will show that [ω(L) ∩ L′ : K] ≥ pm whenever
hσπL(X) ≡ h
σ′
πL′
(X) (mod Xa) (5.1)
and a and m satisfy certain inequalities, which are specified in Theorem 5.2. We then
show in Lemmas 5.7 and 5.8 that the values a = epn and m = m0 given in Theorem 1.1
satisfy these inequalities. To motivate the proof we first prove an analog of Theorem 1.1
for local fields of characteristic p.
Proposition 5.1 Let K be a local field of characteristic p with residue field k and
let L/K, L′/K be totally ramified (Z/pnZ)-extensions. Let uL/K be the largest upper
ramification break of L/K, let e > uL/K, and let h(X) ∈ k[X ]. Assume there exist
uniformizers πL, πL′ for L, L
′ and generators σ, σ′ for Gal(L/K), Gal(L′/K) such that
σ(πL) ≡ πLh(πL) (mod P
epn+1
L ) (5.2)
σ′(πL′) ≡ πL′h(πL′) (mod P
epn+1
L′ ). (5.3)
Then the extensions L/K and L′/K are k-isomorphic.
Proof: Let α : L′ → L be the unique k-isomorphism such that α(πL′) = πL. Since
πK = NL/K(πL) and π
′
K = NL′/K(πL′) are uniformizers for K there is a unique k-
automorphism τ of K such that τ(π′K) = πK . It follows from (5.2) and (5.3) that
τ(π′K) ≡ α(π
′
K) (mod P
epn+1
L ). (5.4)
Therefore the induced maps
fL/K : Tre(K) −→ Trepn(L) (5.5)
fL′/K : Tre(K) −→ Trepn(L
′) (5.6)
fτ : Tre(K) −→ Tre(K) (5.7)
fα : Trepn(L
′) −→ Trepn(L) (5.8)
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Figure 1: Dashed lines represent unramified extensions.
satisfy fα ◦ fL′/K = fL/K ◦ fτ . Since uL/K = uL′/K < e, both L/K and L
′/K satisfy
condition Ce. Therefore by Corollary 3.3 there is a k-isomorphism γ : L′ → L such that
γ|K = τ . Hence L′/K ∼=k L/K. 
To apply this method in characteristic 0 we replace the fieldsK,L, L′ with cyclotomic
extensions. This makes our fields resemble local fields of characteristic p and allows us to
replace (5.1) with a congruence modulo a higher power of X . Let ζ ∈ Qalgp be a primitive
pm+1th root of unity and setM = L(ζ). ThenM/K is an abelian extension whose Galois
group may be identified with a subgroup of Gal(L/K)×Gal(K(ζ)/K). We will use the
theory of truncated local rings outlined in Section 3 to define an extension M ′/L′ which
corresponds to M/L. We will then use Proposition 4.1 to show that in fact M ′ = L′(ζ).
Let L0/K, L
′
0/K be the subextensions of L/K, L
′/K of degree pm. Using Corollary 3.3
we will show that L0(ζ)/K ∼=k L′0(ζ)/K, from which it will follow that L0/K
∼=k L′0/K.
Let w denote the residue class degree and spm the ramification index of K(ζ)/K.
Then the ramification index of M/L is equal to spt for some 0 ≤ t ≤ m. Let F/K
be the maximum unramified subextension of M/K and let E/K(ζ) be the maximum
unramified subextension of M/K(ζ). Then E/F is a totally ramified cyclic extension
of degree spm, and M/E is a totally ramified cyclic extension of degree pn+t−m (see
Figure 1).
In order to state our generalized version of Theorem 1.1 we must first compute
the ramification data of the extension L/K. Let y be the smallest upper ramification
break of L/K which exceeds 1
p−1
· e; if all the upper ramification breaks of L/K are
≤ 1
p−1
· e, let y be the largest upper ramification break of L/K. By Lemma 2.2(b) we
have y ≤ (1 + 1
p−1
)e. Suppose that y = bh, where b0 < b1 < · · · < bn−1 are the upper
ramification breaks of L/K, and let z = ψL/K(y) be the corresponding lower break. It
follows from Lemma 2.2(c) that for h ≤ i < n the ith upper ramification break of L/K
is bi = y + (i− h)e. Therefore for h ≤ i < n the ith lower ramification break of L/K is
ψL/K(y + (i− h)e) = z + ep
h+1 + · · ·+ epi (5.9)
= z + eph+1 ·
pi−h − 1
p− 1
. (5.10)
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The largest upper ramification break uL/K = bn−1 of L/K is equal to y + (n− h− 1)e.
Since y ≤ (1 + 1
p−1
)e this implies uL/K ≤ (n− h+
1
p−1
)e. It follows that
ψL/K
((
n− h+ 1 +
1
p− 1
)
e
)
> epn. (5.11)
Thus if m satisfies ψL/K((m+ 1 +
1
p−1
)e) < epn then m ≤ n− h− 1.
Set e0 = es/(p− 1) and define
q =
{
((y − e)s+ e0)pm if h = 0 and y > e,
e0p
m otherwise.
(5.12)
Also set r = q + e0(p
m+1 − 1). Note that the integers t, q, r and the fields M , E all
depend on m.
Theorem 5.2 Let p > 3 and let K be a finite tamely ramified extension of Qp with
ramification index e. Let L/K and L′/K be totally ramified (Z/pnZ)-extensions such
that L/K is contained in a Zp-extension L∞/K. Let 1 ≤ a ≤ epn and assume that
there are generators σ, σ′ for Gal(L/K), Gal(L′/K) and uniformizers πL, πL′ for L, L
′
such that hσπL(X) ≡ h
σ′
πL′
(X) (mod Xa). Suppose there exists 1 ≤ m ≤ n such that the
following three inequalities are satisfied:
ψM/L(a) > [M : E]q = p
n+t−mq (5.13)
ψM/L(a) > ψM/E(r) (5.14)
ψM/L(a) > ψM/K(uL/K). (5.15)
Then there is ω ∈ Gal(Qalgp /Qp) such that ω(K) = K, ω induces the identity on k, and
[L ∩ ω(L′) : K] ≥ pm.
The following lemmas will be used to compute and bound the ramification breaks of
the various extensions used in the proof of Theorem 5.2.
Lemma 5.3 Let K be a finite extension of Qp, let L/K be a finite tamely ramified
extension with ramification index e, and let M/L be a finite Galois extension which is
not tamely ramified. Then the positive lower ramification breaks of M/L are the same
as the positive lower ramification breaks of M/K, and the positive upper ramification
breaks of M/L are e times the positive upper ramification breaks of M/K.
Proof: The positive lower ramification breaks of M/K are the values x > 0 such that
φM/K(x) = φL/K ◦ φM/L(x) is not differentiable. It follows from [2, Prop. A.4.2] that
for x > 0 we have φL/K(x) = e
−1 · x. Therefore the positive lower ramification breaks
of M/K and M/L are the same. Let l0 < l1 < · · · < ln−1 be the positive lower
ramification breaks of M/K and M/L. Then the ith positive upper ramification break
ofM/L is φM/L(li), and the ith positive upper ramification break ofM/K is φM/K(li) =
φL/K ◦ φM/L(li) = e
−1 · φM/L(li). 
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Lemma 5.4 Let K be a finite extension of Qp and let L/K be a finite cyclic extension
whose positive upper ramification breaks are b0 < b1 < · · · < bn−1. Let E/K be a finite
Galois extension and write the ramification index of LE/E in the form upr with p ∤ u.
Then the positive upper ramification breaks βn−r < βn−r+1 < · · · < βn−1 of LE/E satisfy
βi ≤ ψE/K(bi) for n− r ≤ i < n. In particular, uLE/E ≤ ψE/K(uL/K).
Proof: We first prove the second statement. Let m = ψE/K(uL/K), and suppose that
m < uLE/E. Since L/K and LE/E are abelian, uL/K and uLE/E are integers. Therefore
m is also an integer. It follows that m+ 1 ≤ uLE/E, and hence that Gal(LE/E)
m+1 is
nontrivial. Since the reciprocity map ωLE/E : E
× → Gal(LE/E) maps 1 + Pm+1E onto
Gal(LE/E)m+1 (see for instance Corollary 3 to Theorem 2 in [8, XV §2]), there is α ∈ 1+
Pm+1E such that σ = ωLE/E(α) is not the identity. It follows from the functorial properties
of the reciprocity map [8, XI §3] that σ|L = ωL/K(NE/K(α)). Using Proposition 4.3 we
see that NE/K(α) ∈ 1 +P
uL/K+1
K . Since ωL/K(1 +P
uL/K+1
K ) = Gal(L/K)
uL/K+1 is trivial
this implies σ|L = idL. Since the restriction map Gal(LE/E)→ Gal(L/K) is one-to-one,
this is a contradiction. Therefore uLE/E ≤ ψE/K(uL/K).
To prove the first statement, for 0 ≤ j ≤ r − 1 let Lj/K be the unique subexten-
sion of L/K such that [L : Lj ] = pj . The restriction map Gal(LE/E) → Gal(L/K)
induces an isomorphism between Gal(LE/L) and Gal(L/(L ∩E)). Since pj divides the
ramification index of LE/E, we see that Lj ⊃ L ∩ E, that L/Lj is totally ramified,
and that Gal(LE/LjE) is the unique subgroup of Gal(LE/E) of order pj . It follows
that uLj/K = bn−j−1 and uLjE/E = βn−j−1. Applying the second statement we get
βn−j−1 ≤ ψE/K(bn−j−1) for 0 ≤ j ≤ r − 1. 
Proof of Theorem 5.2: Since K, L, and L′ all have the same residue field k, there
is a unique k-linear ring isomorphism µ : ØL′/PaL′ → ØL/P
a
L such that µ(πL′) ≡ πL
(mod PaL), and a unique (ØL′/P
a
L′)-module isomorphism η : PL′/P
a+1
L′ → PL/P
a+1
L such
that η(πL′) ≡ πL (mod P
a+1
L ). By combining these isomorphisms we get an isomorphism
i = (1, µ, η) from Tra(L
′) to Tra(L). Since h
σ
πL
(X) ≡ hσ
′
πL′
(X) (mod Xa), we have
i ◦ fσ′ = fσ ◦ i.
Let b = [M : LF ] · a. Then (Trb(M), fM/L ◦ i) is an extension of Tra(L
′). It follows
from Proposition 3.1 that this extension comes from an extension of L′. More precisely,
there is a finite extension M ′/L′ and an isomorphism
j = (1, ν, θ) : Trb(M
′) −→ Trb(M) (5.16)
such that j ◦ fM ′/L′ = fM/L ◦ i. Since K(ζ)/Qp(ζ) is tamely ramified we have uK(ζ)/Qp =
uQp(ζ)/Qp = m. Using Lemma 5.3 we see that uK(ζ)/K = e · uK(ζ)/Qp = me. It follows
from Lemma 5.4 that uM/L ≤ ψL/K(uK(ζ)/K) = ψL/K(me). By assumption (5.14) we
have
ψM/L(a) > ψM/E(r) > ψM/E(e0(p
m − 1)). (5.17)
Since ψE/K(me) = e0(p
m−1) this implies ψM/L(a) > ψM/K(me). Applying φM/L to this
inequality gives a > ψL/K(me) ≥ uM/L. Thus M/L, Trb(M)/Tra(L), Trb(M
′)/Tra(L
′),
and M ′/L′ all satisfy condition Ca. It follows from Theorem 3.2 that the field M ′ is
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uniquely determined up to L′-isomorphism. Let c = ψM/L(a). By Theorem 3.2 the
isomorphism j in (5.16) is uniquely determined up to R(c)-equivalence.
Lemma 5.5 Let γ ∈ Gal(M/K) and let t ∈ Z be such that γ|L = σt. Then there is a
unique automorphism γ′ of M ′ such that γ′|L′ = σ′
t and j ◦ fγ′ ≡ fγ ◦ j (mod R(c)).
The map γ 7→ γ′ gives a faithful K-linear action of Gal(M/K) on M ′.
Proof: For γ ∈ Gal(M/K) let f ′γ = j
−1 ◦ fγ ◦ j denote the automorphism of Trb(M ′)
induced by fγ . Using the identities j ◦ fM ′/L′ = fM/L ◦ i, fγ ◦ fM/L = fM/L ◦ fσt , and
fσt ◦ i = i ◦ fσ′t we find that f
′
γ ◦ fM ′/L′ = fM ′/L′ ◦ fσ′t . Since M
′/L′ satisfies condition
Ca, by Corollary 3.3 there is a unique γ′ ∈ Aut(M ′) such that fγ′ ≡ f ′γ (mod R(c)) and
γ′|L′ = σ′
t. It follows that j◦fγ′ ≡ fγ ◦j (mod R(c)). Since γ′ is uniquely determined by
γ the map γ 7→ γ′ is a group homomorphism. If γ lies in the kernel of this homomorphism
then σ′t = 1, and hence σt = 1. Therefore γ ∈ Gal(M/L) and γ induces the identity on
Trc(M). Since M/L satisfies condition C
a this implies γ = 1. 
It follows from this lemma that M ′/K is Galois, and that the map
ˆ : Gal(M/K) −→ Gal(M ′/K) (5.18)
defined by ˆ(γ) = γ′ is an isomorphism. Furthermore, for all γ ∈ Gal(M/K) we have
fγ ◦ j ≡ j ◦ fˆ(γ) (mod R(c)). (5.19)
Since M ′ is a Galois extension of L′ which is uniquely determined up to L′-isomorphism,
M ′ is uniquely determined as a subfield of Qalgp .
Lemma 5.6 Let K be a finite extension of Qp and let L/K be a (Z/p
nZ)-extension.
Then L is contained in a Zp-extension L∞ of K if and only if the group µ of p-power
roots of unity in K is contained in NL/K(L
×).
Proof: If L is contained in a Zp-extension L∞ of K then there is a continuous ho-
momorphism χ : K× → Gal(L∞/K) such that χ(K
×) is dense in Gal(L∞/K) and
ker(χ) ≤ NL/K(L×). It follows that K×/ ker(χ) has trivial torsion, and hence that
µ ≤ ker(χ) ≤ NL/K(L
×). If µ ≤ NL/K(L
×) then since NL/K(L
×) has index pn in K×,
the group µ˜ of all roots of unity in K is contained in NL/K(L
×). Since K×/µ˜ ∼= Z×Z
[K:Q]
p
there is a closed subgroup H of NL/K(L
×) such that K×/H ∼= Zp. Then H corresponds
by class field theory to a Zp-extension L∞ of K which contains L. 
Since L is contained in a Zp-extension L∞ of K, the field M = LE is contained
in the Zp-extension L∞E of E. Therefore by Lemma 5.6 there is α ∈ Ø
×
M such that
NM/E(α) = ζ . Let τ be an element of Gal(M/F ) such that τ |E generates the cyclic
group Gal(E/F ). Then τ |E has order spm, and there is d ∈ Z such that τ(ζ) = ζd. It
follows that the image of d in (Z/pm+1Z)× has order spm. Since Gal(M/F ) is abelian,
τ(α)/αd lies in the kernel of NM/E . Let ρ be a generator for Gal(M/E). Then by
Hilbert’s Theorem 90 there is β ∈M× such that τ(α)/αd = ρ(β)/β.
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Let π be a uniformizer for M , and write β = γπv with γ ∈ Ø×M and v = vM(β). Set
δ = ρ(γ)/γ and ǫ = ρ(π)/π, so that τ(α)/αd = δǫv. Now let α′, γ′, δ′, ǫ′ be elements of
Ø×M ′ which correspond via ν to α, γ, δ, ǫ. (In other words, we have ν(α
′) ≡ α (mod PbM),
etc.) In addition, choose π′ ∈ PM ′ such that θ(π
′) ≡ π (mod Pb+1M ), and set β
′ = γ′π′v.
Let ρ′ = ˆ(ρ) be the element of Gal(M ′/K) which corresponds to ρ ∈ Gal(M/K). Since
ρ(π) = ǫπ, it follows from (5.19) that ρ′(π′) ≡ ǫ′π′ (mod Pc+1M ′ ), and hence that
ǫ′ ≡
ρ′(π′)
π′
(mod PcM ′). (5.20)
Furthermore, since δ = ρ(γ)/γ and δǫv = τ(α)/αd we get
δ′ ≡
ρ′(γ′)
γ′
(mod PcM ′) (5.21)
δ′ǫ′
v
≡
τ ′(α′)
α′d
(mod PcM ′). (5.22)
It follows that
τ ′(α′)
α′d
≡
ρ′(γ′π′v)
γ′π′v
≡
ρ′(β ′)
β ′
(mod PcM ′). (5.23)
Let E ′ be the subfield ofM ′ fixed by 〈ρ′〉. Since M = LE, it follows from Lemma 5.4
that the upper ramification breaks of M/E are bounded above by ψE/K(uL/K). Hence
the lower ramification breaks of M/E are bounded above by ψM/E ◦ ψE/K(uL/K) =
ψM/K(uL/K), which by assumption (5.15) is less than c. It follows that the isomor-
phism between Gal(M/E) and Gal(M ′/E ′) induced by ˆ respects ramification filtrations,
and hence that ψM ′/E′ = ψM/E . Thus by assumption (5.14) we have c > ψM/E(r) =
ψM ′/E′(r). Therefore by (5.23) and Proposition 4.3 we get
NM ′/E′
(
τ ′(α′)
α′d
)
≡ NM ′/E′
(
ρ′(β ′)
β ′
)
(mod Pr+1E′ ). (5.24)
Let ζ ′ = NM ′/E′(α
′). Since Gal(M ′/K) is abelian and ρ′ ∈ Gal(M ′/E ′), the congru-
ence (5.24) reduces to
τ ′(ζ ′)
ζ ′d
≡ 1 (mod Pr+1E′ ). (5.25)
(Note that if we simply defined ζ ′ to be an element of ØE such that ν(ζ
′) ≡ ζ (mod PbM)
then by (5.19) and assumption (5.13) we would get the weaker congruence τ ′(ζ ′) ≡ ζ ′d
(mod Pq+1E′ ). This explains why we have used such a roundabout method to define ζ
′.)
By applying Proposition 4.1 to (5.25) with n = r + 1 > e0(p
m+1 + pm − 1) we get
E ′ = F (ξ), with ξ a primitive pm+1th root of 1. Therefore E ′ = E. Furthermore, we
have vE(ζ
′ − ξ) ≥ (gs+ e0)pm, where
g =


⌈
1 + (y − e)s
pm
⌉
if h = 0 and y > e,
1 otherwise.
(5.26)
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Since (gs + e0)p
m > q we get ξ ≡ ζ ′ (mod Pq+1E ). By assumption (5.13) we have
b ≥ c > pn+t−mq, and hence
ν(ξ) ≡ ν(ζ ′) ≡ ν(NM ′/E′(α
′)) (mod Pp
n+t−mq+1
M ). (5.27)
Therefore by (5.19) we get
ν(ξ) ≡ NM/E(α) ≡ ζ (mod P
pn+t−mq+1
M ). (5.28)
Let Lm/K, L
′
m/K be the unique subextensions of L/K, L
′/K of degree pm, and
set Mm = LmE = Lm(ζ), M
′
m = L
′
mE = L
′
m(ζ). Then Mm/E, M
′
m/E are the unique
subextensions of M/E, M ′/E of degree pt. Let πm = NM/Mm(π) and π
′
m = NM ′/M ′m(π
′).
Then πm, π
′
m are uniformizers for Mm,M
′
m such that θ(π
′
m) ≡ πm (mod P
c+1
M ). Set
q˜ = ⌊q/e0⌋ and cm = e0ptq˜. By assumption (5.13) we have
c > pn+t−mq = [M : Mm]p
tq ≥ [M : Mm]cm. (5.29)
Thus there is a unique k-linear ring homomorphism
νm : ØM ′m/P
cm
M ′m
−→ ØMm/P
cm
Mm
(5.30)
such that νm(π
′
m) ≡ πm (mod P
cm
Mm
) and a unique ØM ′m/P
cm
M ′m
-module homomorphism
θm : PM ′m/P
cm+1
M ′m
−→ PMm/P
cm+1
Mm
(5.31)
such that θm(π
′
m) ≡ πm (mod P
cm+1
Mm
). These give an isomorphism jm = (1, νm, θm) from
Trcm(M
′
m) to Trcm(Mm).
Let ω ∈ Gal(Qp(ζ)/Qp) be such that ω(ξ) = ζ . Since Zp[ζ ] is the ring of integers of
Qp(ζ), it follows from (5.28) that
jm ◦ fM ′m/Qp(ζ) ≡ fMm/Qp(ζ) ◦ fω (mod R(q˜)). (5.32)
Since uLm/K = y + (m − h − 1)e and uK(ζ)/K = me, we have uMm/K = y + (m − 1)e if
h = 0 and y > e, and uMm/K = me otherwise. Therefore
ψE/K(uMm/K) =
{
e0(p
m − 1) + spm(y − e) if h = 0 and y > e,
e0(p
m − 1) otherwise;
(5.33)
= q − e0. (5.34)
Since ψMm/K(uMm/K) and ψMm/E(uMm/E) are the largest lower ramification breaks of
Mm/K andMm/E, we have ψMm/K(uMm/K) ≥ ψMm/E(uMm/E). Applying φMm/E to both
sides of this inequality we get ψE/K(uMm/K) ≥ uMm/E , and hence q− e0 ≥ uMm/E . Since
the ramification index e0 of E/Qp(ζ) is relatively prime to p, it follows from Lemma 5.3
that
uMm/Qp(ζ) = e
−1
0 · uMm/E ≤ e
−1
0 (q − e0) < q˜. (5.35)
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Therefore Mm/Qp(ζ) and M
′
m/Qp(ζ) satisfy condition C
q˜. Hence by applying Corol-
lary 3.3 to (5.32) we see that ω can be extended to an isomorphism ω˜ :M ′m →Mm such
that
jm ≡ fω˜ (mod R(d)), (5.36)
where d = ψMm/Qp(ζ)(q˜).
For γm ∈ Gal(Mm/K) let γ be a lifting of γm to Gal(M/K) and let ˆm(γm) be the
restriction of ˆ(γ) to M ′m. Since ˆ(Gal(M/Mm)) = Gal(M
′/M ′m) we see that ˆm(γm)
does not depend on the choice of the lifting γ. Thus
ˆm : Gal(Mm/K) −→ Gal(M
′
m/K) (5.37)
is a well-defined isomorphism. By (5.19) we have
fγm ◦ jm ≡ jm ◦ fˆm(γm) (mod R(cm)). (5.38)
Since cm = e0p
tq˜ ≥ d, by (5.36) and (5.38) we get
fγm ◦ fω˜ ≡ fω˜ ◦ fˆm(γm) (mod R(d)) (5.39)
fγm ≡ fω˜◦ˆm(γm)◦ω˜−1 (mod R(d)). (5.40)
Let N/Qp be the smallest subextension of Mm/Qp such that Mm/N is Galois. Then
γm and ω˜ ◦ ˆm(γm) ◦ ω˜−1 both lie in Gal(Mm/N). By (5.34) we have ψE/K(uMm/K) <
e0q˜ = ψE/Qp(ζ)(q˜). It follows that the largest lower ramification break ψMm/K(uMm/K)
of Mm/K is less than ψMm/Qp(ζ)(q˜) = d. Since K/N is tamely ramified, by Lemma 5.3
we see that ψMm/K(uMm/K) < d is also the largest lower ramification break of Mm/N .
Hence by (5.40) we get ω˜ ◦ ˆm(γm) ◦ ω˜−1 = γm for all γm ∈ Gal(Mm/K). Since
ˆm(Gal(Mm/K)) = Gal(M
′
m/K) (5.41)
ˆm(Gal(Mm/Lm)) = Gal(M
′
m/L
′
m) (5.42)
this implies ω˜(K) = K and ω˜(L′m) = Lm. This proves Theorem 5.2. 
It remains to show that the values a = epn and m = m0 specified in Theorem 1.1
satisfy the inequalities in Theorem 5.2. We prove this in the following two lemmas. The
first of these lemmas, which is stronger than needed to prove (5.13), will also be used in
the proof of Theorem 1.2.
Lemma 5.7 Let m ≥ 1 satisfy ψL/K((m+1+
1
p−1
)e) < epn. Then ψM/L(e(p
n−pn−1)) >
pn+t−mq.
Proof: Let a˜ = e(pn − pn−1) and c˜ = ψM/L(a˜), and let βm−t, βm−t+1, . . . , βm−1 be the
positive upper ramification breaks of M/L. Then we have
c˜ = sβm−t + sp(βm−t+1 − βm−t) + · · ·+ sp
t−1(βm−1 − βm−2) + sp
t(a˜− βm−1) (5.43)
= spta˜− s(p− 1)(βm−t + pβm−t+1 + · · ·+ p
t−1βm−1). (5.44)
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Since E/Qp(ζ) is tamely ramified, the positive upper ramification breaks of E/Qp are
the same as the positive upper ramification breaks 1, 2, . . . , m of Qp(ζ)/Qp. It follows by
Lemma 5.3 that the positive upper ramification breaks of E/K are (i+1)e for 0 ≤ i < m.
Therefore by Lemma 5.4 we have βi ≤ ψL/K((i+ 1)e) for m− t ≤ i < m.
The values of ψL/K((i+ 1)e) can be computed using the ramification data for L/K
given in (5.10):
ψL/K((i+ 1)e) =


z + eph+1 ·
pi − 1
p− 1
+ ph+i+1(e− y) if y ≤ e,
z + eph+1 ·
pi − 1
p− 1
+ ph+i(e− y) if y > e.
(5.45)
It follows from (5.44) that
c˜ ≥ spta˜ + s(pt − 1)
(
eph+1
p− 1
− z
)
− spm+h−t+1 ·
p2t − 1
p+ 1
(
p
p− 1
e− y
)
(5.46)
if y ≤ e, and
c˜ ≥ spma˜ + s(pm − 1)
(
eph+1
p− 1
− z
)
− sph ·
p2m − 1
p+ 1
(
2p− 1
p− 1
e− y
)
(5.47)
if y > e. In this last inequality we use the fact that t = m if y 6= e.
If y > e then since z ≤ phy and pm − 1 ≤
p2m − 1
p+ 1
, by (5.47) we get
c˜ ≥ spma˜+ s(pm − 1)
(
eph+1
p− 1
− phy
)
− sph ·
p2m − 1
p+ 1
(
2p− 1
p− 1
e− y
)
(5.48)
≥ spma˜+ s(pm − 1)
(
eph+1
p− 1
− phe
)
− sph ·
p2m − 1
p+ 1
(
2p− 1
p− 1
e− e
)
(5.49)
= es
(
pn+m − pn+m−1 +
pm − 1
p− 1
· ph −
p2m − 1
p2 − 1
· ph+1
)
. (5.50)
By (5.11) and the assumption ψL/K((m + 1 +
1
p−1
)e) < epn we have m + h ≤ n − 1.
Therefore c˜ is greater than
espn+m
(
1−
1
p
−
1
p2 − 1
)
=
p3 − p2 − 2p+ 1
p2 + p
· e0p
n+m. (5.51)
Since q ≤ ( es
p−1
+ e0)p
m = 2e0p
m and p ≥ 5 we get c˜ > 2e0pn+m ≥ pnq. Since t = m in
this case we conclude that c˜ > pn+t−mq.
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If y ≤ e then since h ≤ n−m−1 ≤ n−2 we have y > e/(p−1). It follows by (5.46)
that
c˜ ≥ spta˜ + s(pt − 1)
(
eph+1
p− 1
− phy
)
− spm+h−t+1 ·
p2t − 1
p+ 1
(
p
p− 1
e− y
)
(5.52)
≥ spta˜ + s(pt − 1)
(
eph+1
p− 1
−
phe
p− 1
)
− spm+h−t+1 ·
p2t − 1
p+ 1
(
p
p− 1
e−
e
p− 1
)
(5.53)
= es
(
pn+t − pn+t−1 + (pt − 1)ph −
p2t − 1
p+ 1
· pm+h−t+1
)
. (5.54)
As above this implies that c˜ is greater than or equal to
espn+t
(
1−
1
p
−
1
p+ 1
)
=
p3 − 2p2 + 1
p2 + p
· e0p
n+t, (5.55)
and hence that c˜ > e0p
n+t = pn+t−mq. 
It follows from Lemma 5.7 that assumption (5.13) is satisfied by a = epn, m = m0.
We now show that these values satisfy assumptions (5.14) and (5.15) as well.
Lemma 5.8 Let a,m ≥ 1 satisfy 2
p−1
· epn < a ≤ epn and ψL/K((m + 1 +
1
p−1
)e) < a.
Then ψM/L(a) > ψM/E(r) and ψM/L(a) > ψM/K(uL/K).
Proof: Since the positive upper ramification breaks of E/K are (i+ 1)e for 0 ≤ i < m,
the positive lower ramification breaks of E/K are ψE/K((i + 1)e) = e0(p
i+1 − 1) for
0 ≤ i < m. It follows that
φE/K(r) =


(
m+ 1 +
1
p− 1
)
e + (y − e) if h = 0 and y > e,(
m+ 1 +
1
p− 1
)
e otherwise.
(5.56)
If h = 0 and y > e then
φL/K(a) = y + (n− 1)e+
1
pn
(
a−
(
y + ep ·
pn−1 − 1
p− 1
))
(5.57)
is greater than φE/K(r), since m ≤ n − 1 and a >
2
p−1
· epn. In the other cases the
inequality φL/K(a) > φE/K(r) follows from the assumption ψL/K((m + 1 +
1
p−1
)e) < a
and (5.56). Applying ψM/K to both sides of this inequality we get ψM/L(a) > ψM/E(r).
By (5.10) we have
ψL/K(uL/K) = z + ep
h+1 ·
pn−h−1 − 1
p− 1
. (5.58)
Since z ≤ phy ≤ eph+1/(p−1), this quantity is less than a. It follows that ψM/K(uL/K) <
ψM/L(a). 
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Theorem 1.1 follows from Theorem 5.2 combined with Lemmas 5.7 and 5.8. To prove
Theorem 1.2 we apply Theorem 5.2 to the subextensions of L/K and L′/K of degree
pn−1:
Proof of Theorem 1.2: Let L/K, L′/K be totally ramified (Z/pnZ)-extensions which
satisfy condition (*) of Theorem 1.1. We may assume without loss of generality that
K contains a primitive pth root of unity, that m0 ≥ 2, and that n ≥ 3. Since p ∤ e we
see that K contains no primitive p2th roots of unity. Therefore the group µ of p-power
roots of unity of K is cyclic of order p. Let Ln−1/K be the unique subextension of L/K
of degree pn−1. Then NL/K(L
×) has index p in NLn−1/K(L
×
n−1), so µ ≤ NLn−1/K(L
×
n−1).
Hence by Lemma 5.6 we see that Ln−1 is contained in a Zp-extension L∞ of K. Let
j = ψL/K(uL/K) be the unique ramification break of L/Ln−1 and let l = ⌈
p−1
p
· j⌉. Then
by (5.10) we have
l =
⌈
p− 1
p
·
(
z + eph+1 ·
pn−h−1 − 1
p− 1
)⌉
. (5.59)
It follows from [11, Prop. 2.2.1] that the norm map induces ring isomorphisms
NL/Ln−1 : ØL/(P
l
L) −→ ØLn−1/(P
l
Ln−1
) (5.60)
NL′/L′n−1 : ØL/(P
l
L′) −→ ØL′n−1/(P
l
L′n−1
). (5.61)
These isomorphisms are Galois-equivariant and induce the p-Frobenius map on k.
Let σn−1 denote the restriction of σ to Ln−1, set πLn−1 = NL/Ln−1(πL), and set
πL′n−1 = NL′/L′n−1(πL′). By applying the arguments used to prove (2.3) to (5.60) and
(5.61) we get
hσn−1πLn−1
(X) ≡ (hσπL)
φ(X) (mod X l) (5.62)
h
σ′n−1
πL′n−1
(X) ≡ (hσ
′
πL′
)φ(X) (mod X l). (5.63)
Since hσπL = h
σ′
πL′
this implies
hσn−1πLn−1
(X) ≡ h
σ′n−1
πL′
n−1
(X) (mod X l). (5.64)
Since m0 ≥ 2 we have h ≤ n − 3, so y is the smallest upper ramification break
of Ln−1/K which exceeds
1
p−1
· e. Therefore the largest upper ramification break of
Ln−1/K is uLn−1/K = y + (n − h − 2)e. Let m = m0 − 1 and define E/F as in the
proof of Theorem 5.2. Also set Mn−1 = Ln−1E. To prove Theorem 1.2 it suffices by
Theorem 5.2 to prove the following inequalities:
ψMn−1/Ln−1(l) > [Mn−1 : E]q (5.65)
ψMn−1/Ln−1(l) > ψMn−1/E(r) (5.66)
ψMn−1/Ln−1(l) > ψMn−1/K(uLn−1/K). (5.67)
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Using (5.10) to compute the left side of the inequality ψL/K((m0 + 1+
1
p−1
)e) < epn
we get
z + eph+1 ·
pm0 − 1
p− 1
+ pm0+h+1
(
p
p− 1
· e− y
)
< epn. (5.68)
Since z ≤ phy ≤ eph+1/(p− 1) we have (p− 1)z − eph+1 ≤ 0. Adding this inequality to
(5.68) and dividing by p gives
z + eph+1 ·
pm0−1 − 1
p− 1
+ pm0+h
(
p
p− 1
· e− y
)
< epn−1. (5.69)
Hence we have
ψLn−1/K
((
m+ 1 +
1
p− 1
)
e
)
= ψLn−1/K
((
m0 +
1
p− 1
)
e
)
< epn−1. (5.70)
It follows from (5.59) that l > e(pn−1−pn−2). Therefore (5.65) follows from Lemma 5.7.
By (5.10) we have
ψLn−1/K(uLn−1/K) = z + ep
h+1 ·
pn−h−2 − 1
p− 1
. (5.71)
Using (5.59) and the inequality z ≤ eph+1/(p−1) we deduce that ψLn−1/K(uLn−1/K) < l.
Applying ψMn−1/Ln−1 to this last inequality gives (5.67).
It remains to prove (5.66). If h = 0 and y > e then by (5.59) we have l > (pn−1−1)e.
It follows using (5.10) that
φLn−1/K(l) >
(
n− 1−
1
p− 1
+
1
pn − pn−1
)
e+
(
1−
1
pn−1
)
y. (5.72)
By (5.56) with m = m0 − 1 we have
φE/K(r) =
(
m0 +
1
p− 1
)
e+ (y − e). (5.73)
Since m0 ≤ n − 1, y ≤ (1 +
1
p−1
)e, p ≥ 5, and n ≥ 2, we get φE/K(r) < φLn−1/K(l).
Applying ψMn−1/K to this inequality gives (5.66) in this case.
Suppose h ≥ 1 or y ≤ e. Adding
(p− 1)z − eph+1 ≤ p
⌈
p− 1
p
· z
⌉
− eph+1. (5.74)
to (5.68) and dividing by p gives
z + eph+1 ·
pm0−1 − 1
p− 1
+ pm0+h
(
p
p− 1
· e− y
)
<
⌈
p− 1
p
· z
⌉
+ epn−1 − eph. (5.75)
It follows from (5.56), (5.10), and (5.59) that this inequality can be rewritten as ψLn−1/K◦
φE/K(r) < l. By applying ψMn−1/Ln−1 we get (5.66). 
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6 p-adic dynamical systems
Let K be a finite extension of Qp and let P
alg be the maximal ideal in the ring of
integers of Qalgp . Let u(X) ∈ ØK [[X ]] be a power series such that u(0) = 0 and u
′(0)
is a 1-unit. We are interested in studying the periodic points of u(X). These are the
elements α ∈ Palg such that u◦m(α) = α for some m ≥ 1; the smallest such m is called
the period of α. Since u′(0) is a 1-unit, it follows from [4, Cor. 2.3.2] that all periodic
points of u(X) have period pn for some n ≥ 0. In the introduction to [5], Lubin stated
that the extension fields generated by the periodic points of u(X) are “almost completely
unknown”. In this section we show how Theorem 5.2 can be used to study the extension
K(α)/K generated by a single periodic point α.
Let u(X) ∈ k[[X ]] denote the reduction of u(X) modulo PK . It follows from our
assumptions that u(X) is an element of the group A(k) which was defined in Section 2.
For n ≥ 0 let in denote the depth of u
◦pn(X). If in < ∞ then in + 1 is equal to the
number of solutions in P to the equation u◦p
n
(X) = X , counted with multiplicity. Let
Γ be the closed subgroup of A(k) generated by u(X) and assume that Γ is infinite; then
Γ ∼= Zp. It follows from Proposition 2.1 that there is a local field L0 with residue field k,
a totally ramified Zp-extension L∞/L0, and a compatible sequence of uniformizers (πn)
for L∞/L0 such that Γ = Γ
(πn)
L∞/L0
. The extension L∞/L0 is determined uniquely up to
k-isomorphism by Γ. By [11, Cor. 3.3.4] the ramification data of the extension L∞/L0
is the same as the ramification data of Γ. We define the index d of Γ to be the absolute
ramification index of L0; if L0 has characteristic p then the index of Γ is ∞. If d < ∞
then it follows from Lemma 2.2 that bn − bn−1 = d for all sufficiently large n.
Theorem 6.1 Let p > 3, let 1 ≤ d ≤ p − 2, and let K/Qp be a finite extension with
ramification index e ≤ p − 1. Then there is a finite tamely ramified extension E/K
with the following property: Let u(X) ∈ ØK [[X ]] be a power series such that the closed
subgroup Γ of A(k) generated by u(X) is isomorphic to Zp and has index d. Let L0 be a
local field with residue field k and let L∞/L0 be a totally ramified Zp-extension such that
Γ ∈ [ΓL∞/L0 ]. For n ≥ 1 let Ln/L0 denote the subextension of L∞/L0 of degree p
n. Then
for each periodic point α of u(X) with period pn there is an embedding ω : Ln → Qalgp
such that
[E(α) ∩ (E · ω(Ln)) : E] ≥ p
n−2. (6.1)
Thus when the hypotheses of Theorem 6.1 are satisfied the special fiber u(X) of u(X)
carries a large amount of information about the field extensions generated by periodic
points of u(X). It follows from Lemma 2.2 that if the index of Γ is ∞ then the upper
ramification breaks of Γ satisfy bn ≥ pbn−1 for all n ≥ 1, while if the index of Γ is d <∞
then for each n ≥ 1 we have either bn ≥ pbn−1 or bn − bn−1 = d. Therefore the index of
Γ can be effectively computed as long as it is finite.
The rest of this section is devoted to proving Theorem 6.1. Let l be the field extension
of k of degree d! and let F be the unramified extension ofQp with residue field l. The field
E is defined to be the compositum of all totally ramified extensions R/F of degree d!e.
The following lemma is a consequence of the well-known properties of tamely ramified
extensions of a local field.
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Lemma 6.2 (a) The absolute ramification index of E is d!e.
(b) If M is a finite extension of Qp whose absolute ramification index divides d!e and
whose residue field is contained in l, then M is contained in E.
It follows from this lemma that E is an extension of K with ramification index d!,
and hence that E/K is tamely ramified. In particular, if d = 1 then E/K is unramified.
Before proving Theorem 6.1 we study the basic properties of periodic points of power
series which satisfy the hypotheses of the theorem. In particular, we are interested in
the degrees and ramification indices of extensions generated by these periodic points.
For the remainder of this section we assume without loss of generality that n ≥ 3.
As above we let (in)n≥0 and (bn)n≥0 denote the lower and upper ramification se-
quences of Γ. By Lemma 2.2(a) we have b0 ≤ (1 +
1
p−1
)d. Since d < p − 1 this im-
plies i0 = b0 ≤ d. We also have b0 ≥ 1 > d/(p − 1). Therefore by Lemma 2.2(c)
we get bn = bn−1 + d and hence in = in−1 + dp
n for all n ≥ 1. We may write
u(X) = a0X + a1X
2 + a2X
3 + · · · with ai ∈ ØK and a0 a 1-unit. Since p > e/(p − 1)
we have
vK(a
pn
0 − 1) = vK(a
pn−1
0 − 1) + e (6.2)
if ap0 6= 1. It follows from [4, Cor. 2.3.1] that u
◦pn−1(X) − X divides u◦p
n
(X) − X in
ØK [[X ]]. Let
qn(X) =
u◦p
n
(X)−X
u◦pn−1(X)−X
. (6.3)
If ap0 6= 1 then by (6.2) the constant term of qn(X) has p-valuation 1, while if a
p
0 = 1
then the constant term of qn(X) is equal to p. Note that the Weierstrass degree of
qn(X) ∈ ØK [[X ]] is in − in−1 = dpn.
Let α ∈ P be a periodic point of u(X) with period pn and let M/K be the Galois
closure of K(α)/K. Let G = Gal(M/K), let
H = {τ ∈ G : τ(α) = u◦i(α) for some i ∈ Z}, (6.4)
and let σ1, . . . , σh be coset representatives for G/H . The polynomial
f(X) =
h∏
j=1
pn−1∏
i=0
(X − u◦i(σj(α))) (6.5)
lies in ØK [X ] and has distinct roots, all of which are zeros of qn(X). Therefore f(X)
divides qn(X) in ØK [[X ]], and hence the constant term c of f(X) is an element of PK
which divides p. It follows that c has p-valuation s/e for some 1 ≤ s ≤ e. Since each of
the hpn roots of f(X) has the same p-valuation as α, we get vp(α) = s/ehp
n.
For each 1 ≤ j ≤ h the set Bj = {u◦i(σj(α)) : 0 ≤ i < pn} is a block for the
permutation representation of G acting on the roots of f(X). Let N be the kernel of
the action of G on the set of blocks, let T be the fixed field of N , and let U/K be the
maximum unramified subextension of T/K. Since the degree of f(X) is less than or
equal to the Weierstrass degree of qn(X) we have h ≤ d. Since Gal(T/K) ∼= G/N is
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isomorphic to a subgroup of Sh this implies that [T : U ] and [U : K] both divide d!.
Therefore T is an extension of Qp whose absolute ramification index divides d!e and
whose residue field is contained in l. Hence by Lemma 6.2(b), T is contained in E.
For each τ ∈ N = Gal(M/T ) there is a unique i ∈ Z/pnZ such that τ(α) = u◦i(α).
Hence T (α)/T is Galois, and Gal(T (α)/T ) can be identified with a subgroup of Z/pnZ.
It follows that E(α)/E is also Galois, with Gal(E(α)/E) isomorphic to a subgroup of
Gal(T (α)/T ). Since the ramification index of E/Qp is d!e, the E-valuation of α is t/p
n,
where t = (d!/h) · s is relatively prime to p. It follows that [E(α) : E] ≥ pn, and hence
that Gal(E(α)/E) ∼= Z/pnZ.
Since the absolute ramification index of T divides d!e and the residue field of T
is contained in l, there is a totally ramified extension R/F of degree d!e such that R
contains T . Then E(α) is an unramified extension of R(α), so the R(α)-valuation of α
is t. Therefore we can write α = ζπt, where ζ ∈ F is a root of unity whose order is
prime to p and π is a uniformizer for R(α). Let K(l) = FK be the unramified extension
of K with residue field l and let τ ∈ Gal(E(α)/E) satisfy τ(α) = u(α). Let v(X) be
the unique element of ØK(l)[[X ]] such that ζv(X)
t = u(ζX t) and v′(0) ≡ 1 (mod PK(l)).
Then
ζv(π)t = u(ζπt) = u(α) = τ(α) = ζτ(π)t. (6.6)
Since τ has order pn this implies τ(π) = v(π). We are now in a position to prove the
following key fact:
Proposition 6.3 The absolute ramification index d!e of E is equal to td.
Proof: Let Γ′ ∼= Zp be the closed subgroup of A(l) generated by v(X). Since E(α) =
E(π) and τ(π) = v(π), the lower ramification breaks of the extension E(α)/E which
are less than d!pn (the ramification index of E(α)/K(l)) are the same as the lower
ramification breaks of Γ′ which are less than d!pn. It follows from the definition of v(X)
that the ramification breaks of Γ′ are t times the ramification breaks of Γ. Therefore the
first two lower ramification breaks of Γ′ are ti0 and ti1 = ti0+tdp. Using the inequalities
s ≤ p − 1 and i0 ≤ d ≤ p− 2 we deduce that ti0 + tdp < d!p
3. Therefore the first two
lower ramification breaks of E(α)/E are ti0 and ti0+ tdp, and hence the first two upper
ramification breaks of E(α)/E are ti0 and ti0 + td. Since ti0 + td < p · ti0, it follows
from Lemma 2.2 that the absolute ramification index of E is td. 
Corollary 6.4 For n ≥ 3 the periodic points of u(X) with period pn all have p-valuation
1/dpn.
Proof: Let α be a periodic point of u(X) with period pn. We saw above that vp(α) =
s/ehpn. Since s = ht/d! and t = d!e/d we get vp(α) = 1/dp
n. 
Proposition 6.5 Let n ≥ 3. Then every zero of qn(X) is periodic with period pn.
Proof: Let α be a periodic point with period pj for some 0 ≤ j < n. If j = 0 then α is a
zero of u(X)−X , and if j ≥ 1 then α is a zero of qj(X). It follows by the Weierstrass
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preparation theorem that α is a root of a distinguished polynomial with coefficients in
ØK which divides u(X) or qj(X). Since u(X) has Weierstrass degree i0 + 1, and qj(X)
has Weierstrass degree dpj , we must have
vp(α) ≥


1
e(i0 + 1)
if j = 0,
1
edpj
if 1 ≤ j < n.
(6.7)
In particular, since n ≥ 3, e < p, and i0 ≤ d we have vp(α) > 1/dp
n.
The series qn(X) has dp
n zeros, counting multiplicities; all of these are periodic points
with period pj for some 0 ≤ j ≤ n. Let α ∈ Palg be a zero of qn(X). If α is a periodic
point with period pn then by Corollary 6.4 we have vp(α) = 1/dp
n. On the other hand,
if α is a periodic point with period pj for some 0 ≤ j < n, then vp(α) > 1/dpn. The
sum of the p-valuations of the dpn zeros of qn(X) is 1. Therefore all the zeros of qn(X)
must have period pn. 
It follows that for n ≥ 3 the periodic points of u(X) with period pn are precisely the
zeros of qn(X), and that the number of periodic points of u(X) of period p
n, counted with
multiplicity, is equal to the Weierstrass degree in − in−1 = dpn of qn(X). In particular,
u(X) has periodic points of period pn for every n ≥ 3.
Proof of Theorem 6.1: Since Γ ∈ [ΓL∞/L0 ], there exists a compatible sequence of uni-
formizers (πj) for L∞/L0 such that Γ = Γ
(πj)
L∞/L0
. Since u(X) generates Γ, it follows from
(2.4) that there is a generator σ for Gal(L∞/L0) such that
σ(πj) ≡ u
φ−j (πj) (mod P
rj+1
Lj
) (6.8)
for all j ≥ 1, where rj = ⌈(p− 1)ij/p⌉, and we identify k with a subring of ØLj/(π
rj+1
j )
using the Teichmu¨ller lifting.
The map x 7→ xp is an automorphism of the group of roots of unity of F . We denote
the inverse of this automorphism by raising to the power p−1. For 1 ≤ j ≤ ∞ let
Ej = ELj.
Lemma 6.6 There exists a compatible sequence of uniformizers (π˜j) for E∞/E such
that πj = ζ
p−j π˜tj for 0 ≤ j <∞.
Proof: Let j ≥ 0 and let π˜j ∈ Q
alg
p be a root of X
t− ζ−p
−j
πj. Let kE denote the residue
field of E and let E ′j be the unramified extension of FLj(π˜j) with residue field kE . Since
ζ−p
−j
πj is a uniformizer for FLj, the extension of FLj(π˜j)/FLj is totally ramified, with
ramification index t. Therefore the maximum tame subextension Tj/Qp of FLj(π˜j)/Qp
has ramification index td = d!e and residue field l. It follows by Lemma 6.2(b) that Tj
is contained in E. Thus by Lemma 6.2(a), E is an unramified extension of Tj , so E is
contained in E ′j. Since Lj ⊂ E
′
j, we get E
′
j = ELj = Ej . The norm map NEj/E gives a
bijection between the roots of X t − ζ−p
−j
πj and the roots of X
t − ζ−1π0. Therefore we
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may assume that NEj/E(π˜j) = π˜0 for every j ≥ 1. It follows from this assumption that
(π˜j)j≥0 is a compatible sequence of uniformizers for E∞/E. 
Since ζv(X)t = u(ζX t) we have ζv(X)t = u(ζX t), where ζ denotes the image of ζ
in l ∼= ØK(l)/PK(l). Applying φ
−n we get ζ
p−n
vφ
−n
(X)t = uφ
−n
(ζ
p−n
X t). Let σ˜ be the
generator for Gal(E∞/E) whose restriction to L∞ is σ. Then by (6.8) and Lemma 6.6
we have
σ˜(ζp
−n
π˜tn) ≡ u
φ−n(ζp
−n
π˜tn) (mod P
t(rn+1)
En
) (6.9)
ζp
−n
σ˜(π˜n)
t ≡ ζp
−n
vφ
−n
(π˜n)
t (mod P t(rn+1)En ) (6.10)
σ˜(π˜n) ≡ v
φ−n(π˜n) (mod P
trn+1
En
). (6.11)
Let Φ be an automorphism of Qalgp which induces the p-Frobenius on residue fields, and
let Θ : E∞ → Φn(E∞) be the isomorphism induced by Φn. Applying Θ to (6.11) we get
σˆ(πˆn) ≡ v(πˆn) (mod P
trn+1
Θ(En)
), (6.12)
where πˆn = Θ(π˜n) is a uniformizer for Θ(En) and σˆ = Θ ◦ σ˜ ◦ Θ−1 is a generator for
Gal(Θ(E∞)/E). (Note that since E is Galois over Qp we have Θ(E) = E.) On the other
hand, since τ(π) = v(π) we have
τ(π) ≡ v(π) (mod P trn+1E ). (6.13)
Note that since π is a uniformizer for R(α), π is also a uniformizer for E. To complete
the proof of Theorem 6.1 we will apply Theorem 5.2 to the extensions Θ(En)/E and
E(α)/E. To do this we must first compute some ramification data.
Since d < p − 1, it follows from Lemma 2.2(b) that the jth upper ramification
break of L∞/L0 is bj = b0 + jd. Therefore the lower breaks of L∞/L0 are given by
ij = i0 + dp + dp
2 + · · ·+ dpj, with i0 = b0. The unique ramification break of Ln+1/Ln
is equal to the nth lower ramification break in of L∞/L0. It follows that
rn =
⌈
p− 1
p
· (i0 + dp+ dp
2 + · · ·+ dpn)
⌉
(6.14)
> d(pn − 1). (6.15)
The ramification breaks of En/E are t times the ramification breaks of Ln/L0. The
upper and lower ramification breaks of Ln/L0 are the integers bj and ij for 0 ≤ j < n
which were computed in the preceding paragraph. Therefore we have
ψEn/E
((
n− 1 +
1
p− 1
)
td
)
=
pn + pn−1 − p
p− 1
· td− (pn−1 − 1)ti0. (6.16)
This value is less than td(pn− pn−1), which by (6.15) is less than trn. Comparing (6.12)
with (6.13) and applying Lemmas 5.7 and 5.8 we see that the extensions Θ(En)/E and
E(α)/E satisfy the hypotheses of Theorem 5.2, with a = trn and m = n− 2. Therefore
there is an automorphism Ψ of Qalgp such that
[E(α) ∩Ψ(Θ(En)) : E] ≥ p
n−2. (6.17)
Since En = ELn and Ψ(Θ(E)) = E, this proves Theorem 6.1. 
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